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4.4 Three-Dimensional Dynamical Systems

We will now introduce some of the formalism for the description of a dynamical
system with three state variables. We call a dynamical system three-dimensional if
it has three independent dynamical variables, the values of which at a given instant
of time uniquely specify the state of the system. We assume that we can write the
time-evolution equations for the system in the form of the standard set of first-order
ordinary differential equations. (Dynamical systems modeled by iterated map
functions will be discussed in Chapter 5.) Here we will use x with a subscript 1, 2,
or 3 to identify the variables. This formalism can then easily be generalized to any
number of dimensions simply by increasing the numerical range of the subscripts.
The differential equations take the form

X =p(t-X) B ikl s)
V==XZ+rk-Y - AaE fl{'xlv'r}_!-'r_'.} (4.4-1)
Z=XY-bZ % = f(x.x,,x)

The Lorenz model equations of Chapter 1 are of this form. Note that the three
functions fj, f2, and f; do not involve time explicitly, again, we say that the system
IS Autonomous.

As an aside, we note that some authors like to use a symbolic “vector” form to
write the system of equations:

X = f(X) (4.4-2)

Here % stands for the three symbols x,,x,x,,and f stands for the three functions
on the right-hand side of Eqgs. (4.4-1).



The differential equations describing two-dimensional systems subject to a

time-dependent “force™ (and hence nonautonomous) can also be written in the form
of Eq. (4.4-1) by making use of the “trick™ introduced in Chapter 3: Suppose that
the two-dimensional system is described by equations of the form
x, = f(x,x,,1)
= f2(%,,%;,1)

(4.4-3)

The trick is to introduce a third variable, x;=¢. The three “autonomous” equations

then become

x = fi(x,%.%)
Xy = fo(x,%3,%,) (4.44)
X =1

which are of the same form as Eq. (4.4-1). As we shall see, this trick is particularly
useful when the time-dependent term is periodic in time.

Exercise 4.4-1. The “forced” van der Pol equation is used to describe an
electronic triode tube circuit subject to a periodic electrical signal. The
equation for g(r), the charge oscillating in the circuit, can be put in the
form

d:
dt

Use the trick introduced earlier to write this equation in the standard form
of Eq. (4.4-1).

— +',i-'{q] q+q(:} gsinwe




4.5 Fixed Points in Three Dimensions (dim = 0)

The fixed points of the system of Eqs. (4.4-1) are found, of course, by setting the
three time derivatives equal to 0. [Two-dimensional forced systems, even if written
in the three-dimensional form (4.4-4), do not have any fixed points because, as the
last of Eqs. (4.4-4) shows, we never have x, =¢=0 . Thus, we will need other
techniques to deal with them.] The nature of each of the fixed points is determined
by the three characteristic values of the Jacobian matrix of partial derivatives
evaluated at the fixed point in question. The Jacobian matrix is

_.. Trovare I punti fissi: ( 'a'.ﬁ af; afl ]
"R _ n Perogni punto d Che in generale
X = fl (X| ’xz ,X,) =0 fisso calcolare: a;' 3.;1 3;3 dipendera anche
TR _ dal valore degli
e Ko fz(xl’xvxi!) =0 ﬁ Je|—t =L =i eventuali (4.5-1)
. dx, dx, dx parametri di
Xy = f;(xpxzsxg) =0 a‘ﬂ a.ﬂ a‘ﬂ controllo...

La‘tl dx, azh

In finding the characteristic values of this matrix, we will generally have a cubic
equation, whose roots will be the three characteristic values labeled A ,A4,,4; .




Some mathematical details: The standard theory of cubic equations tells us
that a cubic equation of the form

A+ pAlt+gl+r=0

can be changed to the “standard” form

by the use of the substitutions

If we now introduce

X +ax+b=0

x=A+p/3

_1.
—3{3q pP)

1
b=—2p*-9qgp+27
2?{ P —9qp r)

| :
A=(-b/2+s)]

1
B=(-b/2-Js)

(4.5-2)

(4.5-3)

(4.5-4)

(4.5-5)



the three roots of the x equation can be written as

/.=
/, =

/5=

{

{5

A+ B
A+H“+fA—BW
2)'-,21

A+B)

r’A_B‘H

2

, 4

J-3
J3

(4.5-6)

from which the characteristic values for the matrix can be found by working back
through the set of substitutions. Most readers will be greatly relieved to know that
we will not make explicit use of these equations. But it is important to know the

form of the solutions.
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the three roots of the x equation can be written as

/= A+B
3 - B
/, = -[””“H +{‘* AW (4.5-6)
2 A 2 7
3 @Y
/.= _{ﬂ ﬂ(ﬂ_ﬁ J3
2 s 2 s

from which the characteristic values for the matrix can be found by working back
through the set of substitutions. Most readers will be greatly relieved to know that
we will not make explicit use of these equations. But it is important to know the
form of the solutions.

There are three cases to consider:
“standard” form (1. The three characteristic values are real and unequal (s < 0).

X +ax+b=0 2. The three characteristic values are real and at least two are equal (s =
= 0).
2 3
— b”  a 3. There is one real characteristic value and two complex conjugate
values (s = 0).

—

Case 2 is just a borderline case and need not be treated separately.



Punti Fissi in uno Spazio degli Stati a Tre Dimensioni

The four basic types of fixed points for a three-dimensional state space are:

(1.) Node. All the characteristic values are real and negative. All trajectories in the
neighborhood of the node are attracted toward the fixed point without looping
around the fixed point.

Is. Spiral Node. All the characteristic values have negative real parts but two

of them have nonzero imaginary parts (and in fact form a complex

conjugate pair). The trajectories spiral around the node on a “surface” as
they approach the node.
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3 1 —> o e three characteristic values are
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I
@ Spiral Node There is one real characteristic value
¥ a J
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and two complex conjugate values (s > 0).
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Punti Fissi in uno Spazio degli Stati a Tre Dimensioni

The four basic types of fixed points for a three-dimensional state space are:

(2.) Repellor. All the characteristic values are real and positive. All trajectories in
the neighborhood of the repellor diverge from the repellor.

2s. Spiral Repellor. All the characteristic values have positive real parts, but

two of them have nonzero imaginary parts (and in fact form a complex

conjugate pair). Trajectories spiral around the repellor (on a “surface™) as

they are repelled from the fixed point.
La repulsione avviene linearmente lungo le tre direzioni individuate daiutevettori associati
- agli autovalori reali
Equazione caratteristica /' [ " ’
he three characteristic values are
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Punti Fissi in uno Spazio degli Stati a Tre Dimensioni

For state spaces with three or more dimensions, it is common to specify the
so-called index of a fixed point.

In more geometric terms, the index is equal to the spatial dimension of the out-set
of that fixed point. For a node (which does not have an out-set), the index is equal
to 0. For a repellor, the index is equal to 3 for a three-dimensional state space. A
saddle point can have either an index of 1, if the out-set is a curve, or an index of 2,
if the out-set is a surface as shown in Fig. 4.3.

Index =0 Index = 3
A

—»> & «—  Node < ./',, Repellor

i) x

Y




La repulsione avviene
linearmente lungo la
direzione individuata

RIEEEQl dzii 2 &I ZNB‘/L%“ ixgals
YSydNB tQI-ﬂ‘i‘NJ—“’?T? %ﬁdt’e%‘“?

avviene linearmente
lungo il piano

individuato dai du?/"4
autovettori negativi

Punti Fissi in uno Spazio degli Stati a Tre Dimensioni

Saddle point — index-1. All characteristic values are real. One is positive
and two are negative. Trajectories approach the saddle point on a surface (the
in-set) and diverge along a curve (the out-set).
3s. Spiral Saddle Point — index—]. The two characteristic values with
negative real parts form a complex conjugate pair. Trajectories spiral
around the saddle point as they approach on the in-set surface.
Saddle point — index—2. All characteristic values are real. Two are positive
and one is negative. Trajectories approach the saddle point on a curve (the in-
set) and diverge from the saddle point on a surface (the out-set).
4s. Spiral Saddle Point — index—2. The two characteristic values with
positive real parts form a complex conjugate pair. Trajectories spiral
around the saddle point on a surface (the out-set) as they diverge from the

saddle point.

ndex 1

R

17 !

...e viceversa...

7

Saddle Point
Index 2

P S—

AN\

La repulsione avviene

linearmente lungo la direzione
AYRAGARdzZE G RI
LI2aAldA@d2r YSyl

Spiral I | avviene a spirale lungo il pian
Saddle Point | 1\ ividuato dai dueautovettori
Index 1' complessi con parte reale
negativa
——
L R
Spiral I
Saddle Point ...e viceversa...
Index 2 .
—
® R




4.6 Limit Cycles and Poincaré Sections (dim = 1)

As we saw in Chapter 3, dynamical systems in two (and higher) dimensions can
also settle into long-term behavior associated with repetitive, periodic limit cycles.
We also learned that the Poincaré section technique can be used to reduce the
dimensionality of the description of these limit cycles and to make their analysis
simpler.

First, we focus on the construction of a Poincaré section for the system. For a
three-dimensional state space, the Poincaré section is generated by choosing a
Poincaré plane (a two-dimensional surface) and recording on that surface the
points at which a given trajectory cuts through that surface. (In most cases the
choice of plane is not crucial as long as the trajectories cut the surface transversely,
that is, the trajectories do not run parallel or almost parallel to the surface as they
pass through; see Fig. 4.4.) For autonomous systems, such as the Lorenz model

equations, we choose some convenient plane in the state space, say, the XY plane
for the Lorenz equations. When a trajectory crosses that plane passing from, for
example, negative Z values to positive Z values, we record that crossing point.

A

" «¢—— Poincaré Plane ——1»

TS

X
Fig. 44. A Poincaré section for a three—dimensional state space. On the left the trajectory
crosses the Poincaré plane transversely. On the right the intersection is not transverse
because the trajectory runs parallel to the plane for some distance.




In later discussions, it will be useful to indicate on the Poincaré section the
record of trajectory intersections with the plane as trajectories approach or
diverge from the periodic points. For example, Fig. 4.6 shows a sequence
of points Py, Py, P,, . . . as a trajectory approaches an attracting limit cycle
| in a three-dimensional state space. (Compare Fig. 4.6 with Fig. 3.13.)
| The reader should be warned that in some diagrams found in the literature
this series of dots will be connected with a smooth curve intersecting (x,

xy ). It is important to remember that this curve is not a trajectory. In fact

the Poincaré intersection of any single trajectory is just a sequence of

points as shown in Fig. 4.6. If a smooth curve is drawn on this kind of

diagram, it represents the intersection points of an infinite family of

trajectories, all of which are approaching (x,, x,"). Later we shall see

| cases in which such curves intersect. It is important to remember that this

| intersection does not violate the No-Intersection Theorem because the |
intersecting curves in this case are not themselves trajectories.

1.000
; Py 0.500
Poincaré PIane__-__ | G
2
ezt P [
P, I / X
. .f-—‘r—’/_J 0500
-1.00
-0.50 -
0
X3 050 a8 050 1.00
1.00 .1.00 050 X

Fig. 4.6. The sequence of points Fy, Py, P, . . . is the record of successive intersections of a
single trajectory with the Poincaré plane (the plane with x; = 0) as the trajectory goes fromx;
=0tox; <0.
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We now return to the general discussion of limit cycles. The stability of the
limit cycle is determined by a generalization of the Poincaré multipliers introduced
in the previous chapter. We assume that the uniqueness of the solutions to the
equations used to describe the dynamical system entails the existence of a Poincaré
map function (or in the present case, a pair of Poincaré map functions), which relate
the coordinates of one point at which the trajectory crosses the Poincaré plane to the
coordinates of the next (in time) crossing point. (Again we assume we have chosen
a definite crossing sense; e.g., from top to bottom, or from left to right.) These
functions take the form

WU =RET.AT mappadi 0,
B = £ (x™,x") Poincare2 dim
where the parenthetical superscript indicates the crossing point number.

Here these Poincaré map functions have arisen from the consideration of a
Poincaré section for trajectories arising from a set of differential equations. In
Chapter 5, we shall consider such map functions as interesting models in their own
right, independent of this particular heritage.

The fixed points of the Poincaré section are those points that satisfy

h= i) (4.6-2)
X, = Fy(x,, %))

Each fixed point in the Poincaré section corresponds to a limit cycle in the full
three-dimensional state space.
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We can characterize the stability of these fixed points by finding the
characteristic values of the associated Jacobian matrix of derivatives [sometimes
called the Floquet matrix, after Gaston Floquet (1847-1920), a French
mathematician who studied, among other things, the properties of differential
equations with periodic terms]. This matrix is analogous to the Jacobian matrix
used to determine the characteristic values of a fixed point in the full state space.
The Jacobian matrix JM is given by

mappa 1dim . mappa 2dim
% 1 I
&, = Md, %( x ox M
; i M= 1 | ——> 4.6-
wr-wa ({5 B 7
= | 9%, Ox,

where the matrix is to be evaluated at the Poincaré map fixed point in question.
. The characteristic values of this matrix determine the stability of the limit cycle. A
=" stable limit cycle attracts nearby trajectories, while an unstable limit cycle repels
. nearby trajectories. In principle, we can use the mathematical methods given in
" Chapter 3 to find these characteristic values. In practice, however, we most often
cannot find these characteristic values explicitly, since, to do that, we would need to
know the exact form of the Poincaré map function, and in most cases, we do not
know that function. [In Chapter 5, we will examine some models that do give us
the map function directly. However, for systems described by differential
equations in state spaces of three (or more) dimensions, it is in general impossible
to find the map functions.]




Stability of Limit Cycles

As we saw in two-dimensional systems, if the fixed point is to be stable and have
trajectories in its neighborhood attracted to it, then the absolute value of each
multiplier must be less than 1. [In state spaces with three or more dimensions, we
can have so the stability criterion is formulated using the absolute value of
the multipliers.]

The types of limit cycles are

Stable limit cycle (node for the Poincaré map)

II. Repelling limit cycle (repellor for the Poincaré map)
[1L Saddle cycle (saddle point for the Poincaré map)

Table 4.2 lists the categories of characteristic multipliers, the associated
Poincaré plane fixed points and the corresponding limit cycles for three-
dimensional state spaces. (Compare this table to Table 3.4 for limit cycles in two-
dimensional state spaces.)

Table 4.2 .
Characteristic Multipliers for Poincaré Sections
of Three-Dimensional State Spaces

Type

of Fixed Point  Characteristic Multiplier ~ Corresponding Cycle

Node M|, M, <1 Limit Cycle
Repellor M|, IM,[>1 Repelling Cycle
Saddle M [<1,|M,|>1 Saddle Cycle




Of course, the characteristic multipliers could also be complex numbers. Just
as we saw for fixed points in a twc-dimensional state space, the complex
multipliers will form a complex-conjugate pair. In more graphic terms, the
successive Poincaré intersection points associated with complex-valued multipliers
rotate around the limit cycle intersection point as they approach or diverge from
that point. Mathematically, the condition for stability is still the same: the absclute
value of both multipliers must be less than 1 for a stable limit cycle. In terms of the
corresponding Argand diagram (complex mathematical plane), both characteristic
values must lie within a circle of unit radius (called the unif circle) for a stable limit
cycle. See Fig. 4.7. As a control parameter is changed the values of the
characteristic multipliers can change. If at least one of the characteristic multipliers
crosses the unit circle, a bifurcation occurs. Some of these bifurcations will be
discussed in the latter part of this chapter.

UNIT CIRCL Im M
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1
Re M




Stable
Limit Cycles
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Limit Cycles
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ImM
Node

Re M

ImM
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Fig. 4.7. Characteristic multipliers in the complex plane. If both multipliers lie within a
circle of unit radius (the unit circle), then the corresponding limit cycle is stable. If one (or
both) of the multipliers lies outside the unit circle, then the limit cycle is unstable.
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Fig. 4.7. Characteristic multipliers in the complex plane. If both multipliers lie within a
circle of unit radius (the unit circle), then the corresponding limit cycle is stable. If one (or
both) of the multipliers lies outside the unit circle, then the limit cycle is unstable.



4.7 Quasi-Periodic Behavior (CIM = 2)

For a three-dimensional state space, a new type of motion can occur, a type of
motion not possible in cne- or two-dimensional state spaces. This new type of
motion is called guasi-periodic because it has two different frequencies associated
with it; that is, it can be analyzed into two independent, periodic motions. For
quasi-periodic motion, the trajectories are constrained to the surface of a torus in the
three-dimensicnal state space. A mathematical description of this kind of motion is
given by: NOTA BENE: NON SONO EQUAZIONI DIFFERENZIALI!

Equazioni della traiettoria X =(R+rsinw,r)cos @yt
di un punto §(t), Xa(t) € X(t)) = *; = rcosa, (4.7-1)

where the two angular frequencies are denoted by @, and @,. Geometrically, Egs.
(4.7-1) describe motion on the surface of a torus (with the center of the torus at the
origin), whose large radius is R and whose cross-sectional radius is r. In general the
torus (or doughnut-shape or the shape of the inner tube of a bicycle tire) will look
something like Fig. 4.8. The frequency @, corresponds to the rate of rotation
around the large circumference with a period T, = 2n/w, , while the frequency
@, corresponds to the rate of rotation about the cross section with 7, =2n/w, . A
general torus might have elliptical cross sections, but the ellipses can be made into
circles by suitably rescaling the coordinate axes. torus e

minor radius

Fig. 48 Quasi-periodic trajectories roam over the surface of a torus in three-dimensional
state space. lustrated here is the special case of a torus with circular cross sections. s the
minor radius of the cross section. R is the major radius of the torus. A periodic trajectory on
the surface of the torus would close on itself. On the right. a perspective view of a torus and
a Poincaré plane.

major radius



The Poincaré section for this motion is generated by using a Poincaré plane
that cuts through the torus. What the pattern of Poincaré map points looks like
depends on the numerical relationship between the two frequencies as illustrated in
Fig. 4.9. If the ratio of the two frequencies can be expressed as the ratic of two
integers (that is, as a “rational fraction,” 14/17, for example), then the Poincaré
section will consist of a fimite number of points. This type of motion is often called
Jrequency-locked motion because one of the frequencies is locked, often over a
finite control parameter range, so that an integer multiple of one frequency is equal
to ancther integer multiple of the cther. (The terms phase-locking and mode-
locking are also used (o describe this behavior.)
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Winding Number

i {4.\ Periodic
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razionale X,

Sezione di
Poincare

Fig. 4.9. A Poincaré section intersects a torus in three-dimensional state space. The diagram
on the upper left shows the Poincaré map points for a two-frequency periodic system with a
rational ratio of frequencies. The intersection points are indicated by asterisks. The diagram
on the lower left is for quasi-periodic behavior. The ratio of frequencies is irrational, and
eventually the intersection points fill in a curve (sometimes called a “drift ring”) in the
Poincaré plane.



If the ratio of frequencies cannot be expressed as a ratio of integers, then the
ratic is called “irrational” (in the mathematical, not the psychological sense). For

the irrational case, the Poincaré map points will eventually fill in a continuous
curve in the Poincaré plane, and the motion is said to be quasi-periodic because the
moticn never exactly repeats itself. (Russian mathematicians call this conditionally
periodic. See, for example, [Amold, 1983]. The term almost periodic is also used
in the mathematical literature.)

In the quasi-periodic case the motion, strictly speaking, never exactly repeats
itself (hence, the modifier quasi), but the motion is not chactic; it is composed of
two (or more) periodic components, whose presence could be made known by
measuring the frequency spectrum (Fourier power spectrum) of the motion. We
should point cut that detecting the difference between quasi-periodic motion and
motion with a rational ratio of frequencies, when the integers are large, is a delicate
question. Whether a given experiment can distinguish the two cases depends on the
resolution of the experimental equipment. As we shall see later, the behavior of the
system can switch abruptly back and forth between the two cases as a parameter of
the system is varied. The important point is that the attractor for the system is a
two-dimensional surface of the torus for quasi-periodic behavior.
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We have now seen the full panoply of regular (nonchactic) attractors: fixed
points (dimension 0), limit cycles (dimension 1), and quasi-periodic attractors
(dimensicn 2 or more). We are ready to begin the discussion of how these
attractors can change into chaotic attractors.

We will give only a brief discussion of the period-doubling, quasi-periodic,
and intermittency routes. These will be discussed in detail in Chapters 5, 6, and 7,
respectively. A discussion of crises will be found in Chapter 7. As we shall see,
the chactic transient route is more complicated to describe because it requires a
knowledge of what trajectories are doing over a range of state space. We can no
longer focus our attention locally on just a single fixed point or limit cycle.

fixed points (dim.0) quasiperiodic
attractors (dim.2)
¢‘/ limit cycles (dim.1)
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Rotte verso il CAOS

When the parameters of a system are changed, chaotic behavior may appear
and disappear in several different ways, even for the same dynamical system: We
may have several routes to chaos. These routes can be put into two broad
categories with several subdivisions within each category. One category includes
sequences of bifurcations involving limit cycles (or equivalently, fixed points of the
associated Poincaré map). (The period-doubling sequence in Chapter |1 belongs to
this category.) The other category involves changes in trajectories associated with
several fixed points or limit cycles. Since these changes involve the properties of
trajectories ranging over a significant volume of state space, these changes are
called “global” bifurcations (in contrast to “local” bifurcations associated with
changes in individual fixed points).

LocalBifurcations

L]

Rather sudden changes from regular to chaotic behavior, such as we have

seen with the Lorenz model in Chapter 1, are characteristic of these global

GlobalBifurcations bifurcations. Although the nature of the long-time attractor changes suddenly as a
_——, parameter is varied, these sudden changes are often heralded by chaotic transients.

~— |/ In a chaotic transient, the system's trajectory wanders through state space, in an

3 apparently chaotic fashion. Ewentually, the trajectory approaches a regular,

periodic attractor. As the control parameter is changed, the chaotic transient lasts
longer and longer until finally the asymptotic behavior is itself chaotic.

The questions we want to address are the following: How does this
complicated chaotic behavior develop? How does the system evolve from regular,
periodic behavior to chaotic behavior? What changes in the fixed points and in
trajectories in state space give rise to these changes in behavior?




4.8 The Routes to Chaos I: Period-Doubling

As we discussed earlier, the period-doubling route begins with limit cycle behavior Im M

of the system. This limit cycle, of course, may have been “born” from a bifurcation Node
involving a node or cther fixed point, but we need not worry about that now. As Re M
some control parameter changes, this limit cycle becomes unstable. Again this

event is best viewed in the corresponding Poincaré section. Let us assume that the

periodic limit cycle generates a single point in the Poincaré section. If the limit @

cycle becomes unstable by having one of its characteristic multipliers become more Im M
negative than —1 (which, of course, means |M| > 1), then, in many situations, the Saddle
new motion remains periodic but has a period twice as long as the period of the Re M

original motion. In the Poincaré section, this new limit cycle exhibits two points,
cne on each side of the original Poincaré section point (see Fig. 4.10).
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Fig. 410. The Poincaré section of a trajectory that has undergone a period-doubling
bifurcation. On the left is the original periodic trajectory, which intersects the Poincaré plane
in one point. On the right is the period-doubled trajectory, which intersects the Poincaré
plane in two points, one on each side of the original intersection point.
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This alternation of intersecticn points is related to the characteristic multiplier
associated with the original limit cycle, which has gotten more negative than —1.

mappa 1dim Since [M] > 1, the trajectory’s map points are now being “repelled” by the original Im M
.. map point. The minus sign tells us that they alternate from cne side to the other, as Node
d,., =M"d, we can see formally from Eq. (3.16-6). This type of bifurcation is also called a flip Re M
_bifurcation because the newly born trajectory flips back and forth from one side of
the original trajectory to the other.
As the control parameter is changed further, this period-two limit cycle may @
become unstable and give birth to a period-four cycle with four Poincaré Im M
intersection points. Chapter 5 will examine in detail how, when, and where this Saddle
sequence occurs. The period-doubling process may continue until the period Re M
becomes infinite; that is, the trajectory never repeats itself. The trajectory is then
chaotic.
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Fig. 410. The Poincaré section of a trajectory that has undergone a period-doubling
bifurcation. On the left is the original periodic trajectory, which intersects the Poincaré plane
in one point. On the right is the period-doubled trajectory, which intersects the Poincaré
plane in two points, one on each side of the original intersection point.
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4.9 The Routes to Chaos II: Quasi-Periodicity

As a control parameter is changed, a second periodicity appears in the behavior of

the system. This bifurcation event is a generalization of the Hopf bifurcation

discussed in Chapter 3; so, it is also called a Hopf bifurcation. In terms of the

characteristic multipliers, the Hopf bifurcation is marked by having the two @
m M
Sp
;

In the quasi-periodic scenaric, the system begins again with a limit cycle trajectory. ‘ M
pira

complex-conjugate multipliers cross the unit circle simultaneously.

If the ratio of the period of the second type of motion to the period of the first
is not a rational ratio, then we say, as described previously, that the motion is quasi-
periodic. Under some circumstances, if the control parameter is changed further,
the moticn becomes chactic. This route is sometimes called the Ruelle-Takens
scenario after D. Ruelle and F. Takens, who in 1971 first suggested the theoretical
possibility of this route. The main point here is that you might expect, at first
thought, to see a long sequence of different frequencies come in as the control
parameter is changed, much like the infinite sequence of period-doublings g8
described in the previous section. (In 1944 the Russian physicist L. Landau had %3
proposed such an infinite sequence of frequencies as a mechanism for producing

iral Repellor

fluid turbulence.|[Landau and Lifshitz, 1959].) However, at least in some cases, the

system becomes chaotic instead of introducing a third distinct frequency for its
motion. This scenario will be discussed in Chapter 6.

Historically, the experimental evidence for the quasi-periodic route to chaos
(GOS75) played an important role in alerting the community of scientists to the
utility of many of the newly emerging ideas in nonlinear dynamics. During the late

19705 and early 1980 there were many theoretical conjectures about the necessity ;50" sog)

of the transition from two-frequency quasi-periodic behavior to chaos. More recent
work (see for example, BAT88) has shown that systems with significant spatial
extent and with more degrees of freedom can have quasi-periodic behavior with
three or more frequencies before becoming chaotic.



I I I 4.10 The Routes to Chaos I1I: Intermittency and Crises

Chapter 7 contains a detailed discussion of intermittency and crises; so, we will
give only the briefest description here. The| intermittency | route to chaos is
characterized by dynamics with irregularly occurring bursts of chaotic behavior
interspersed with intervals of apparently periodic behavior. As some control
parameter of the system is changed, the chaotic bursts become longer and occur
more frequently until, eventually, the entire time record is chaotic.

A [crisis |is a bifurcation event in which a chaotic attractor and its basin of
attraction suddenly disappear or suddenly change in size as some control parameter
is adjusted. Alternatively, if the parameter is changed in the opposite direction, the
chaotic attractor can suddenly appear “out of the blue” or the size of the attractor
can suddenly be reduced. As we shall see in Chapter 7, a crisis event involves the
interaction between a chaotic attractor and an unstable fixed point or an unstable

limit cycle.
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