Classificazione dei Sistemi Dinamici

X = f(X)

\

Flussi Hamiltoniani

!

Orbite

Periodiche v\
Quasi

Periodiche Caotiche




Flussi Hamiltoniani

William Rowan Hamilton (1805-1865)
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The evolution of the Hamiltonian system is completely described if the time
dependence of the gs and ps is known. That is, if we know g{t) and p{(r) for all ¢
and for all i, then we know everything there is to know about the time behavior of
the system. In the Hamilton formulation, the time-dependence of the gs and ps is
determined by solutions of Hamilton's equations, which are written in terms of the
derivatives of the Hamiltonian function (or just Hamiltonian, for short) H{q,p),
where the unadorned symbols g and p mean that H depends, in general, on all the g,
and p;. For the simplest cases, the Hamiltonian is just the total mechanical energy
(kinetic energy plus potential energy) of the system, written as a function of the gs
and ps. In any case, Hamilton’s equations are a set of 2N coupled differential
equations (for a system of N degrees of freedom)
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Since the Hamiltonian function value (usually the energy of the system) is a
constant of the motion, a trajectory for a Hamiltonian system cannot go just
anywhere in phase space. It can go only to regions of (g, p) space that have the
same energy value as the initial point of the trajectory. Thus, we say that
trajectories in phase space are confined to a 2N — 1 dimensional constant energy
surface. (Of course, this “surface” may be a multidimensional geometric object in
general.)
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Sistemi Integrabili: hanno N costanti del moto

The special case we are interested in is a canonical transformation that leads
to a Hamiltonian that depends only on the Jis and not on the 6;s. In that case, for

alli=1,2,...,N, wehave azione ango|0 P =aH{9J}

H=HJ) ® J, =0;86,®=0,:+6,0) | ;;:::a J)

J =
and the Js are the N constants of the motion. 26,

A Hamiltonian system that satisfies Eqs. (8.4-3) and (8.4-4) is called
(somewhat unfortunately) an integrable system. The term integrable comes from
the notion that the action J; can be expressed as an integral over the motion of the
system and that the corresponding equation for 6; can be easily integrated.

1. All one-degree-of-freedom Hamiltonian systems, for which
H is an infinitely differentiable (that is, “analytic™) function
of g and p, are integrable and the corresponding action J
satisfies H = @ J, where @ =dH [dJ .

2. All Hamiltonian systems for which Hamilton’s equations
are linear in g and p are integrable (via the so-called normal
mode transformations).

3. All Hamiltonian systems with nonlinear Hamilton’s
equations that can be separated into uncoupled one-degree-
of-freedom systems are integrable.
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H(q,p)

We will now stuc]y two cxam;iks of om-degfeo—of-freedom Hamiltonian
systems and their phase space behavior.

The Simple Harmonic Oscillator

In Exercise 8.2-2, we learned that the Hamiltonian for a one-dimensional simple
harmonic oscillator with mass m and spring constant k is

2

H(g,p) =2 +1kg’ (8.4-8)
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where q is the displacement of the oscillator from its equilibrium position. In this
Case, the numerical value of the Hamiltonian is the total mechanical energy of the
system. The corresponding Hamilton's equations for the time evolution are
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The one (spatial} dimension simple harmonic oscillator model has one degree
of freedom and its phase space is two-dimensional. Since the Hamiltonian is
independent of time, the phase space trajectories must reside on a 2N-1 = 1
dimensional “surface” (i.e., on a curve). The trajectories are closed curves because
the motion is periodic. Each value of the energy is associated with a unique closed
curve.




For the simple harmonic oscillator, we know that the angular frequency of the
oscillatory motion is given by @ = Jk/m . Since this is a one-degree-of-freedom
system or since Hamilton’s equations are linear, we expect that this system is
/ integrable. The one constant of the motion is the Hamiltonian (energy) or some

A\

multiple thereof. Hence, we can write the action J as

2 2
y q H=00 ey dimrm-t 5.5 (8.4-10)
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punto eflittico If we use p/«.-“.':mm and q..fmmﬂ as the phase space variables, then the
trajectories will be circles with radii equal to JI . To complete the story, we can
write the original phase space variables p and g in terms of the action-angle
variables (with 8 positive going counterclockwise from the positive g axis):
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As Exercise 8.4-1 shows, the action associated with a closed trajectory is
\rc]ated to the phase space area enclosed by the trajectory. In general, we may write

(8.411)
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where the symbol tﬁ means that the integral is taken around the closed path of the
trajectory.
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Pendolo Conservativo con asta rigida

One of the most studied and time-honored examples of a Hamiltonian system is the
pendulum. This system consists of a point mass m suspended at the end of a rigid
(but massless) rod of length L. The rod is free to pivot about an axis at the other
end of the rod. To make the system Hamiltonian, we ignore any dissipation due to
friction in the pivot or to air resistance. A picture of this system is shown in Fig.
8.2.

The Hamiltonian for this system is expressed as the sum of kinetic energy of
rotation about the pivot point and gravitational potential energy (relative to the
equilibrium point when the pendulum mass hangs downward):

2
H =224 mgL(1-cos) (8.4-13)

2mL

where p, is the angular momentum associated with the rotation about the axis and
g is the acceleration due to gravity. Thus, we see that the pendulum is a one-
degree-of-freedom system (with a two-dimensional phase space). Hence, by the
arguments presented earlier, it is an integrable system with one constant of the
motion, namely its total mechanical energy E.

Eq di Hamilton Fig. 8.2. A picture of the pendulum. The angle 8
. H is defined relative to the stable equilibrium position. T =
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For a given value of the energy E, we can use Eq. (8.4-13) to solve for the
L momentum

Pe = +y[2mI*[E — mgL(1-cosB)] (8.4-14)

m

By convention, the momentum is positive when the pendulum is moving
counterclockwise and negative when the pendulum is moving clockwise. From Eg.
(8.4-14), we see that the momentum has its largest magnitude when 6 = 0, at the
bottom of the pendulum’s swing. For energies less than 2mglL, the highest point of
the swing occurs when p, = 0 or in terms of the angular displacement from the
vertical line, when E =mgL(l—cos®). If we allow the pendulum to swing over
the top by giving it sufficient energy (greater than 2mgL), then the minimum of its
momenturn magnitude occurs when 8 =z at the top of the swing. Eq. (8.4-14)
can be used to plot the phase space trajectories as shown in Fig. 8.3.




For a given value of the energy E, we can use Eq. (8.4-13) to solve for the
momentum

Po = £\ 2mI2[E — mgL(1-cosB)] (8.4-14)

By convention, the momentum is positive when the pendulum is moving
counterclockwise and negative when the pendulum is moving clockwise. From Eg.
(8.4-14), we see that the momentum has its largest magnitude when 6 = 0, at the
bottom of the pendulum’s swing. For energies less than 2mgL, the highest point of
the swing occurs when p, = 0 or in terms of the angular displacement from the
vertical line, when E =mgL(l-cos8). If we allow the pendulum to swing over
the top by giving it sufficient energy (greater than 2mgL), then the minimum of its
momenturn magnitude occurs when 8 =z at the top of the swing. Eq. (8.4-14)
can be used to plot the phase space trajectories as shown in Fig. 8.3.

We can find the corresponding action J for the system by integrating the
momentum over one cycle of the motion

J= %Idﬂ,fﬂmﬂ[ﬁ‘— mgL(1—cos8)] (8.4-15)

The resulting integral is known as an elliptic integral and is tabulated numerically
in many mathematical handbooks. The important point here is that we can
determine the frequency of the motion, numerically, by using Eq. (8.4-15) with Eq.
(8.4-5). . oH "

(@)
et edz_a_:l—zwi(',) e} "O _—| 00 —| _0 & G




Spazio delle Fasi 2D del Pendolo Conservatiyon=g=L=1)

The phase space diagram for the pendulum, shown in Fig. 8.3, is typical of the
phase space diagrams for many integrable Hamiltonian systems. For relatively
small values of the energy, the phase space trajectories are “ellipses” centered on
the origin. At the origin is an elliptic fixed point for the system: If the system starts
with pg= 0 and 8= 0, then it stays there for all time. These ellipses are the “tori”
on which the trajectories live in this two-dimensional phase space.
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Fig. 8.3. The phase diagram for the pendulum. Angular velocity (vertical axis) is plotted as
a function of angular position (horizontal axis). Each trajectory comesponds to a particular
value of the total mechanical energy of the system. Elliptic fixed points occur at the origin
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The phase space diagram for the pendulum, shown in Fig. 8.3, is typical of the
phase space diagrams for many integrable Hamiltonian systems. For relatively
small values of the energy, the phase space trajectories are “ellipses” centered on
the origin. At the origin is an elliptic fixed point for the system: If the system starts

with pg= 0 and 8= 0, then it stays there for all time. These ellipses are the “tori”
on which the trajectories live in this two-dimensional phase space.
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Fig. 8.3. The phase diagram for the pendulum. Angular velocity (vertical axis) is plotted as
a function of angular position (horizontal axis). Each trajectory comesponds to a particular
value of the total mechanical energy of the system. Elliptic fixed points occur at the origin
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Spazio delle Fasi 2D del Pendolo Conservatiyon=g=L=1)
The phase space diagram for the pendulum, shown in Fig. 8.3, is typical of the

phase space diagrams for many integrable Hamiltonian systems. For relatively
small values of the energy, the phase space trajectories are “ellipses” centered on
the origin. At the origin is an elliptic fixed point for the system: If the system starts
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There are also fixed points at pg= 0 and 8 = tam , where n is an odd integer.
These fixed points correspond to the pendulum’s standing straight up with the mass
directly above the pivot point. Note that & = tir are physically equivalent points
since they both correspond to the vertical position of the pendulum. However, it is
occasionally useful to allow the angle to increase or decrease without limit to
visualize some aspects of the pendulum’s motion. The physical equivalence shows
up in the periodicity of the trajectory pictures in state space if you shift along the 6
axis by multiples of 27 .
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There are also fixed points at pg= 0 and 8 = tam , where n is an odd integer.
These fixed points correspond to the pendulum’s standing straight up with the mass
directly above the pivot point. Note that & = 251 are physically equivalent points
since they both correspond to the vertical position of the pendulum. However, it is
occasionally useful to allow the angle to increase or decrease without limit to
visualize some aspects of the pendulum’s motion. The physical equivalence shows
up in the periodicity of the trajectory pictures in state space if you shift along the 6
axis by multiples of 27 .

The fixed points corresponding to the inverted vertical position are unstable in
the sense that the slightest deviation from those conditions causes the pendulum to
swing away from the inverted vertical position. These fixed points are called

ic points for Hamiltonian systems because trajectories in their
neighborhood Took like hyperbolas. The fixed points are, of course, saddle points
using the terminology introduced in Chapter 3. Trajectories approach the
hyperbolic point in one direction and are repelled in another direction.
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There are also fixed points at pg= 0 and 8 = tam , where n is an odd integer.
These fixed points correspond to the pendulum’s standing straight up with the mass
directly above the pivot point. Note that & = 251 are physically equivalent points
since they both correspond to the vertical position of the pendulum. However, it is
occasionally useful to allow the angle to increase or decrease without limit to
visualize some aspects of the pendulum’s motion. The physical equivalence shows
up in the periodicity of the trajectory pictures in state space if you shift along the 6
axis by multiples of 27 .

The fixed points corresponding to the inverted vertical position are unstable in

the sense that the slightest deviation from those conditions causes the pendulum to

swing away from the inverted vertical position. These fixed points are called

ic points for Hamiltonian systems because trajectories in their

neighborhood Took like hyperbolas. The fixed points are, of course, saddle points

using the terminology introduced in Chapter 3. Trajectories approach the
hyperbolic point in one direction and are repelled in another direction.
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The trajectories that lead directly to or directly away from a hyperbolic point
are called separatrices (plural of separatrix) since they separate the phase space
into regions of qualitatively different behavior. (The separatrices are the stable and
unstable manifolds introduced before.) For the pendulum, the trajectories inside the
separatrices correspond to oscillatory motion about the vertically downward
equilibrium point. Trajectories outside the separatrices correspond to “running
modes” in which the pendulum has sufficient energy to swing over the top. One
type of running mode has an angular velocity that is positive (counterclockwise
motion); the other type has a negative angular velocity (clockwise motion). In both
cases, the magnitude of the angle 8 continues to increase with time.

This organization of the phase space by elliptic points surrounded by the
separatrices associated with hyperbolic points is typical for integrable

Hamiltonian systems. The separatrices segregate phase space regions that
correspond to qualitatively different kinds of motion.

Separatricié

(in-set e outset

- | Angular Velocity

Separatrici

deisaddlepoints)  -100

0.0 50 10.0
Angular Position a

(in-set e outset
dei saddlepoints)



Il Pendolo Forzato-Smorzato

L’equazione piu generale che descrive un pendolo costituito da una massa m
appesa ad un filo inestensibile di lunghezza L e soggetto alla forza gravitazionale,
ad una forza di smorzamento (damping) e ad una forzante esterna (driving), é
quella del cosiddetto 'pendolo\forzato’:

mL2 (b} mgLsind <F - cos wpi> (1.1)

dove 6 é la fase del pendolo (ossia il suo spostamento angolare dalla posizio-
ne di equilibrio), g ’accelerazione di gravitd, b I'intensitd dello smorzamento e
G = k' - cos wpt la forzante esterna di intensitd &’ e frequenza di driving wp.
Attraverso una opportuna scelta dei parametri e riscalando 'unitda di tempo é
possibile riscrivere ’equazione 1.1 nella sua forma adimensionale [4] :

0 + 80 + sinf = k - cos wpt (1.2)

dove 3 é il nuovo coefficiente di smorzamento e I' = k - cos wpt la forzante di
intensita k. A questo punto, in funzione dei valori che pué assumere il parametro
3, possiamo descrivere la dinamica del pendolo forzato dividendola in due cate-
gorie fondamentali: per valori positivi di # abbiamo la versione dissipativa, che
presenta svariati punti di contatto (ma anche di divergenza) con quanto visto nel
caso delle mappe dissipative, mentre per valori nulli di 3 abbiamo la versione con-
servativa, che ci permetterd di introdurre nuovi interessanti concetti sui sistemi
dinamici.
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1.2.1 Caso Dissipativo (G > 0)

Per valori di # > 0, ossia per valori positivi del coefficiente di smorzamento,
I’eq.1.1 descrive un sistema dissipativo, la cui energia totale non si conserva nel
tempo: in questo caso, analogamente a quanto abbiamo visto accadere per le map-
pe dissipative studiate nei capitoli precedenti, I’evoluzione asintotica del sistema
non dipende dalle condizioni iniziali e converge verso particolari configurazioni
nello spazio delle fasi, ossia verso i cosiddetti attrattori della dinamica. In questo
caso pero il tipo di attrattori verso i quali pué convergere un sistema dinamico
continuo dipende fortemente dal suo numero n di gradi di libertd: infatti per
n = 1 sono possibili solo attrattori a punto fisso, per n = 2 si aggiungono attrat-
tori a ciclo limite, mentre solo per n > 3 diventa possibile osservare quelli che in
precedenza abbiamo chiamato attrattori strani, cioé attratiori caotici. La spiega-

Phase-Space

S

angular velocity p (cm/sec)

-5
-540 position theta (degree) 540

Figura 1.1: Ritratto nello spazio delle fasi dell’evoluzione temporale (traiettoria)
di un pendolo forzato e smorzato (vedi testo).



Per poter andare avanti nella trattazione del pendolo forzato occorre quin-
di rispondere immediatamente alla domanda: quante dimensioni possiede il suo
spazio delle fasi? Guardando la Fig.1.1 saremmo tentati di rispondere due’, ma
il lettore attento, osservando la traiettoria rappresentata, dedurra subito che la
risposta corretta non pud essere questa: se cosi fosse infatti, a causa dei teore-
mi sopra esposti, la traiettoria non potrebbe autointersecarsi. Poiché invece si
osserva una autointersezione I'unica possibilitda é che la curva rappresentata in fi-
gura sia solamente la proiezione bidimensionale della traiettoria originale la quale
quindi, evidentemente, vive in uno spazio ad un numero maggiore di dimensioni.
Ma quante (e quali) sono queste dimensioni?

angular velocity p (cm/sec)

-5
-540 position theta (degree) 540

Figura 1.1: Ritratto nello spazio delle fasi dell’evoluzione temporale (traiettoria)
di un pendolo forzato e smorzato (vedi testo).



6 + 30 + sinf = k - cos wpt (1.2)

Per scoprirlo torniamo all’equazione

1.2 e, seguendo I’approccio utilizzato nell’introduzione, cerchiamo di trasformarla
in un sistema di equazioni accoppiate del primo ordine. A questo scopo conviene

riscriverla nel modo seguente:

w= —Pw — sinf + k - cos wpt (1.3)

dove si é introdotta la velocitd angolare del pendolo w = 9, da distinguere dalla
frequenza di driving wp che sard invece data dalla derivata prima della fase di
driving ® (definita come ® = wpt). Considerando assieme le tre equazioni:

9, —w . Flusso dissipativo 2D non autonomo
w=—Bw—sinf +k-cos P



6 + 30 + sinf = k - cos wpt (1.2)

Per scoprirlo torniamo all’equazione
1.2 e, seguendo I’approccio utilizzato nell’introduzione, cerchiamo di trasformarla
in un sistema di equazioni accoppiate del primo ordine. A questo scopo conviene

riscriverla nel modo seguente:

w = —fw — sinf + k - cos wplt (1.3)

dove si é introdotta la velocitd angolare del pendolo w = 9, da distinguere dalla
frequenza di driving wp che sard invece data dalla derivata prima della fase di
driving ® (definita come ® = wpt). Considerando assieme le tre equazioni:
0=w
- W= —-,Bw — sinf + k - cos ® Flusso dissipativo 3D autonomo

‘i> = Wwp
~ si ottiene proprio il sistema di equazioni cercato, che per 8 > 0 rappresenta
la dinamica del pendolo forzato dissipativo, il quale rivela quindi la sua natura di
sistema dinamico a tre gradi di liberta (¢, w, @), dove tipicamente 6 € (—m, ),
w € (—5,5) e ® € (0,27).




Diagramma di biforcazione per il pendolo forzato-smorzato
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Systems with N Degrees of Freedom

If we compare Eqgs. (8.4-5) and (8.4-6) with the results of the simple harmonic
oscillator example, we see that an integrable system with N degrees of freedom is
equivalent, in terms of action-angle variables, to a set of N uncoupled oscillators.
(The oscillators are simple harmonic if the @; are independent of the value of the Js.
They are otherwise nonlinear oscillators for which @ depends on J.) This
connection explains why so much attention is paid to oscillating systems in the
study of dynamics.

Sistemi Integrabili (S.1.)
aNgradi di
liberta —

Azione: J. =0 - H=H(J,)

- .
a7, 6 = c (i) = TN )
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Angolo: 6,(t) = w,1+86,(0) (8.4-6)




Systems with N Degrees of Freedom

If we compare Eqgs. (8.4-5) and (8.4-6) with the results of the simple harmonic
oscillator example, we see that an integrable system with N degrees of freedom is
equivalent, in terms of action-angle variables, to a set of N uncoupled oscillators.

(The oscillators are simple harmonic if the @; are independent of the value of the Js.
They are otherwise nonlinear oscillators for which @ depends on J.) This
connection explains why so much attention is paid to oscillating systems in the

study of dynamics.

S.l-al  For the simple harmonic oscillator, we know that the angular frequency of the
grado di pscillatory motion is given by @ = \Jk/m . Since this is a one-degree-of-freedom
liberta  system or since Hamilton’s equations are linear, we expect that this system is

integrable. The one constant of the motion is the Hamiltonian (energy) or some

multiple thereof. Hence, we can write the action J as

_fH P

S

H=w J —> J=

2D-space

punto ellittico

J

H_ p! +kq2
@ 2mw 2@

p'
Toro: 1dimsurf.

7

(8.4-10)

LA\ g(t) =t +4(0)

N

2y
yq




Systems with N Degrees of Freedom

If we compare Eqs. (8.4-5) and (8.4-6) with the results of the simple harmonic
oscillator example, we see that an integrable system with N degrees of freedom is
equivalent, in terms of action-angle variables, to a set of N uncoupled oscillators.
(The oscillators are simple harmonic if the @ are independent of the value of the Js.
They are otherwise nonlinear oscillators for which @ depends on J.) This
connection explains why so much attention is paid to oscillating systems in the
study of dynamics.

Sl.aZ2 Since there are N constants of the motion for an integrable system of N

gradi di degrees of freedom, the trajectories in state space are highly constrained. For

liberta. example, an integrable system with two degrees of freedom has trajectories
confined to a two-dimensional surface in phase space. This surface, in general, is
the surface of a torus residing in the original four-dimensional phase space. Like
the quasi-periodic motion studied in Chapter 6, the trajectories are characterized by
the two frequencies
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More generally, we say that a trajectory for an integrable system with N
degrees of freedom is constrained to the N-dimensional surface of a torus (which
resides in the original 2N-dimensional phase space). These tori are often called
invariant tori since the motion is confined to these surfaces for all time.

If the various frequencies @, are incommensurate and the motion is quasi-
periodic, then the trajectory eventually visits all parts of the torus surface. Such a
system is said to be ergodic because one could compute the average value of any
quantity for that system either by following the time behavior and averaging over
time (usually hard to do) or by averaging over the g, p values on the surface of the
torus in phase space (usually much easier to do). — cfr. Media di Ensemble di Gibbs
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Action-Angle Space
Instead of the usual pg phase space, an alternative state space description makes use
of the action-angle variables. The motivation for this is threefold. First, for an
integrable system, each trajectory is characterized by a fixed value for each of the
action variables. For example, for the simple harmonic oscillator, each elliptical
trajectory in pg phase space corresponds to a fixed action as shown in Eq. (8.4-10).
In action-angle space, the trajectories of an integrable system reside on
horizontal lines of constant action. Each horizontal line in Fig. 8.4 corresponds to a
“torus” in the original pg phase space. (we may think of cutting the torus around its
outer circumference and then spreading the “surface™ flat. The horizontal line
corresponds to viewing the surface edge on.)
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The second motivation for this kind of diagram comes from the study of
nonintegrable systems. As we shall see in the next section, when a Hamiltonian
system becomes nonintegrable, the action associated with a trajectory is no longer
constant (in general). This fact shows up most obviously in an action-angle space
diagram as the trajectory points wander vertically in that diagram.




8.5 Nonintegrable Systems, the KAM Theorem, and Period-Doubling

Since the behavior of an integrable Hamiltonian system is always periodic or quasi-
periodic, an integrable system cannot display chaotic behavior. We have spent
some time describing integrable systems because much of the literature on the
chaotic behavior of Hamiltonian systems has focused on systems that are, in some
sense, just slightly nonintegrable. We can then ask how the behavior of the system
deviates from that of an integrable system as the amount of nonintegrability
increases.

We are immediately faced with the problem of visualizing the trajectories for
nonintegrable systems because, as we learned in the last section, a nonintegrable
system must have at least two degrees of freedom. If the system were integrable,
then the trajectories would move on the two-dimensional surface of a torus and be
either periodic or quasi-periodic.
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8.5 Nonintegrable Systems, the KAM Theorem, and Period-Doubling

Since the behavior of an integrable Hamiltonian system is always periodic or quasi-
periodic, an integrable system cannot display chaotic behavior. We have spent
some time describing integrable systems because much of the literature on the
chaotic behavior of Hamiltonian systems has focused on systems that are, in some
sense, just slightly nonintegrable. We can then ask how the behavior of the system
deviates from that of an integrable system as the amount of nonintegrability
increases.

We are immediately faced with the problem of visualizing the trajectories for
nonintegrable systems because, as we learned in the last section, a nonintegrable
system must have at least two degrees of freedom. If the system were integrable,
then the trajectories would move on the two-dimensional surface of a torus and be
either periodic or quasi-periodic. However, if the system is nonintegrable, then the
trajectories can move on a three-dimensional surface in this four-dimensional phase

space because the energy is conserved and hence still constrains the trajectories.
This three-dimensional motion allows for the possibility of chaos.
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For an integrable two-degree-of-freedom system, we can think of the phase
space as consisting of a set of nested tori (see Fig. 8.5). For fixed values of the two
constants of the motion, the trajectories are confined to the surface of one of the
tori.
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Fig. 8.5. For an integrable two-degree-of-freedom system, the trajectories are confined to the
surfaces of a set of nested tori. Each surface corresponds to a different set of values of the
two constants of the motion. If the systern becomes nonintegrable, the trajectories can move
off the tori.



For an integrable two-degree-of-freedom system, we can think of the phase
space as consisting of a set of nested tori (see Fig. 8.5). For fixed values of the two
constants of the motion, the trajectories are confined to the surface of one of the
tori. When the system becomes slightly nonintegrable, the trajectories begin to
move off the tori, and we say that the tori are destroyed.

Poincaré sections are used to simplify the description further. We pick out a
phase space plane that is intersected “transversely” by the trajectories and then
record the points at which trajectories intersect that plane. For a two-degree-of-
freedom system, we thereby reduce the description to a set of points in a two-
dimensional plane.
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Fig. 8.5. For an integrable two-degree-of-freedom system, the trajectories are confined to the
surfaces of a set of nested tori. Each surface corresponds to a different set of values of the
two constants of the motion. If the systern becomes nonintegrable, the trajectories can move
off the tori.



For a general integrable two-degree-of-freedom system, the Poincaré plane
will look like a (distorted) version of the phase space diagram for the pendulum:
There will be elliptic orbits, which form closed paths around elliptic points. (As in
Chapter 6, the paths will consist of a finite number of discrete points for periodic
motion. For quasi-periodic motion, the intersection points fill in a continuous curve
on the Poincaré plane.) In the neighborhood of hyperbolic points, there will also be
hyperbolic orbits, some of which form apparent intersections at the hyperbolic
(saddle) points. Figure 8.6 illustrates the Poincaré plane for the Hénon—Heiles
system, discussed in more detail in Section 8.6.
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If the system becomes nonintegrable, constraints are removed from the [Z=
trajectories, and they can begin to move more freely through phase space. Hence, (8

loosely speaking, we expect the highly organized pattern of the integrable system’s [\ <%

Poincaré section to “dissolve.” Does the entire Poincaré section, however, dissolve “>—_

simultaneously leaving only a random scattering of points? The answer to this 9

question is provided by the famous Kolmogorov—Arnold-Moser (KAM) Theorem N4 .

[Arnold, 1978]. )
The KAM theorem states that (under various technical conditions that need

not concern us here) some phase space tori, in particular those associated with

quasi-periodic motion with an irrational winding number, survive (but may be windingnumber

slightly deformed) if a previously integrable system is made slightly nonintegrable. W,

This result is stated more formally as follows: The originally integrable system's

w.
Hamiltonian can be written as a function of the action variables alone: Hy(J). We ’
now make the system nonintegrable by adding to HgJ) a second term, which _
renders the overall system nonintegrable. The full Hamiltonian is then sezione
aurea

H(J,0)=H,(J)+€&H (J,8) {3.5-1}‘ a b
where £ is a parameter that controls the relative size of the nonintegrability term. = aIb g
The second term in (8.5-1) is sometimes called a “perturbation™ of the original v
Hamiltonian, and “perturbation theory” is used to evaluate the effects of this term — '~ — = — @

on the trajectories. The KAM Theorem states that for £ << 1 (so the system is ¢ b
almost integrable), the tori with irrational ratios of the frequencies associated with 1++/56

the actions will survive. These are called KAM tori. As € increases, the tori ¥~ — 9
dissolve one by one with the last survivor being the one with winding number equal 1.6180339887. ..